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We study the convex approximation property of Banach spaces to provide a uniﬁed
approach to various approximation properties including, besides the classical ones, e.g.,
the positive approximation property of Banach lattices and the approximation property
for pairs of Banach spaces. Our main results concern lifting of metric and weak metric
approximation properties from Banach spaces to their dual spaces. As an easy application,
it follows that if X∗ or X∗∗ has the Radon–Nikodým property, then the approximation
property of X∗, deﬁned by a convex subset of conjugate compact operators containing 0
(in particular, the positive approximation property of X∗), is metric.
© 2011 Elsevier Inc. All rights reserved.
1. Introduction
Let X and Y be Banach spaces (over K, where K = R or C). We denote by L(X, Y ) the Banach space of all bounded
linear operators from X to Y , and by F(X, Y ) and K(X, Y ) its subspaces of ﬁnite-rank and compact operators, respectively.
If X = Y , then we simply write L(X) for L(X, X), and similarly for other spaces of operators.
A Banach space X is said to have the approximation property if for every compact set K ⊂ X and every  > 0, there exists
a ﬁnite-rank operator S ∈ F(X) such that ‖Sx − x‖ <  for all x ∈ K . If X is a Banach lattice and one allows only positive
operators S in the preceding condition, then X is said to have the positive approximation property. If S can be chosen with
‖S‖ 1, then X is said to have the metric (positive) approximation property.
It is an open diﬃcult problem whether, in Banach lattices (we consider Banach lattices over R), the (metric) approxima-
tion property implies the (metric) positive approximation property (see [21] or [3, Problem 2.18]). There are many already
classical results on approximation properties. However, to prove their analogues for positive approximation properties, one
often needs to develop speciﬁc methods within the theory of Banach lattices (see, e.g., [21]). An example is Nielsen’s version
of Grothendieck’s classical result [9, Chapter I, p. 181, Corollary 2] which states that in reﬂexive Banach lattices the positive
approximation property is always metric (see [21, Corollary 2.8]).
The positive approximation property, as well as its metric version, are special cases of the convex approximation properties
which we occasionally introduced in [18].
Deﬁnition 1.1. Let X be a Banach space and let A be a convex subset of L(X) containing 0. The space X has the A-
approximation property if for every compact set K ⊂ X and every  > 0, there exists an operator S ∈ A such that ‖Sx− x‖ < 
for all x ∈ K . The space X has the metric A-approximation property if it has the (BL(X) ∩ A)-approximation property.
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of positive ﬁnite-rank operators.
There is a very recent concept, the bounded approximation property for pairs of Banach spaces, due to Figiel, Johnson, and
Pełczyn´ski [7]. This is also, in fact, a convex approximation property (see Section 3).
The purpose of the present paper is to study the convex approximation property. In particular, it appears that some of
the theory of positive approximation properties can be successfully developed in the framework of convex approximation
properties, thus providing an alternative to technical methods of Banach lattices. We shall see, among others, that in re-
ﬂexive Banach spaces the convex approximation property, given by compact operators, is always metric (see Corollary 5.3).
Further applications to positive approximation properties exploit the fact that positive ﬁnite-rank operators between dual
Banach lattices are “locally conjugate” (see Theorem 5.6).
The starting point of our investigation is the well-known Johnson’s lifting theorem (see [11]) that permits to lift the metric
approximation property from Banach spaces to their dual spaces.
Theorem 1.2 (Johnson). Let X be a Banach space. If X has the metric approximation property in every equivalent norm, then the dual
space X∗ has the metric approximation property.
There are at least two natural questions concerning Johnson’s theorem. (1) Does it hold for the metric positive approxi-
mation property in Banach lattices? (2) Does its converse hold? The answer to (1) is “yes” (see Corollary 3.5). More generally,
in Section 3, Johnson’s theorem is extended to the metric convex approximation property (see Theorem 3.3). Concerning (2),
even the following subquestion is well known to be open.
Problem 1.3. (See [3, Problem 3.12].) Does 1 have the metric approximation property in every equivalent norm?
In Section 4, we prove a version of Johnson’s lifting theorem for the weak metric convex approximation property, where
also the converse holds (see Theorem 4.2). Some required techniques are introduced in Section 2. Main results of Sections 3
and 4 are applied in Section 5 to provide, in the case of convex approximation properties, a partial solution to the following
famous open problem (for an overview around this problem, see [26, Section 3]).
Problem 1.4. (See, e.g., [3, Problem 3.8].) Let X be a Banach space. Does the approximation property of X∗ imply the metric
approximation property?
We conjecture that the answer to Problem 1.4 is negative (see [24] for related open problems) and even that the follow-
ing is true.
Conjecture 1.5. There exists a Banach space X such that X∗ has the metric approximation property, but X fails the metric approxima-
tion property in some equivalent norm.
Our notation is standard. A Banach space X will be regarded as a subspace of its bidual X∗∗ under the canonical embed-
ding j X : X → X∗∗ . The identity operator on X is denoted by I X . The closed unit ball and the unit sphere of X are denoted
BX and S X , respectively. The closure of a set K ⊂ X is denoted by K . The linear span of K is denoted by span K . For
Banach spaces X and Y , the components of an operator ideal A (see [29]) will be denoted A(X, Y ), with the convention
A(X) := A(X, X).
2. Johnson’s norms and points of weak∗ continuity
Let X = (X,‖ · ‖) be a Banach space. In the proof of the lifting theorem (Theorem 1.2 above), Johnson used the following
norms on X∗ deﬁned for all ﬁnite-dimensional subspaces F of X∗ and for all positive numbers ε:
∣∣x∗
∣∣= ∥∥x∗∥∥+ ε dist(x∗, F ), x∗ ∈ X∗, (2.1)
where dist(x∗, F ) = inf{‖x∗ − f ‖: f ∈ F } denotes the ‖ · ‖-distance of x∗ to F . These Johnson’s norms were then applied by
Figiel and Johnson [6] to prove that there exists a Banach space which has the approximation property but fails the bounded
approximation property (see [6, p. 199] or, e.g., [3, p. 290]), and also by Reinov [30] who showed that a Banach space with
the approximation property may fail the approximation property which is bounded not only with respect to the ﬁnite-rank
operators but also with respect to the weakly compact operators and other classical operator ideals.
It is well known (see [11, p. 308]) that | · | is the dual norm to an equivalent norm on X , likewise denoted by | · |. We
call these norms on X also Johnson’s norms.
For completeness, let us mention why Johnson’s norms | · | on X∗ are dual norms. The reason is that the unit ball B(X∗,|·|)
is weakly∗ closed. This, in turn, easily follows from the fact that
dist
(
x∗, F
)
 lim inf dist
(
x∗α, F
)
α
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X∗/(F⊥)⊥ = (F⊥)∗ (through the identiﬁcation x∗ + F 	→ x∗|F⊥ ), and it means precisely the weak* lower semi-continuity
of the norm of (F⊥)∗ .
Let us now point out a property of the norm (2.1) which will be needed in the sequel to prove our main Theorems 3.3
and 4.2.
Proposition 2.1. Let X = (X,‖ · ‖) be a Banach space and let | · | be a Johnson’s norm deﬁned by (2.1). Then the relative | · | and weak∗
topologies on B(X∗,|·|) agree at each point x∗ ∈ S(F ,|·|) , meaning that the identity mapping from (B(X∗,|·|),weak∗) to (B(X∗,|·|), | · |) is
continuous at each point x∗ ∈ F with |x∗| = 1.
Proof. Let x∗ ∈ F with |x∗| = 1. Then also ‖x∗‖ = 1. Let (x∗α) be a net in X∗ such that |x∗α |  1 for all α and x∗α → x∗
pointwise on X . By the weak∗ lower semi-continuity of dual norms,
1= ∥∥x∗∥∥ lim inf
α
∥∥x∗α
∥∥ limsup
α
∥∥x∗α
∥∥ 1
and
1= ∣∣x∗∣∣ lim inf
α
∣∣x∗α
∣∣ limsup
α
∣∣x∗α
∣∣ 1.
Hence, lim |x∗α | = lim‖x∗α‖ and therefore dist(x∗α, F ) → 0, i.e., for every α there is fα ∈ F so that ‖x∗α − fα‖ → 0. It follows
that fα → x∗ pointwise on X . Hence ‖ fα − x∗‖ → 0 because dim F < ∞, and therefore also ‖x∗α − x∗‖ → 0. This is equivalent
to the desired convergence |x∗α − x∗| → 0. 
3. Lifting metric convex approximation properties
In order to speak about the interplay between approximation properties of a Banach space X and its dual space X∗ , we
also need convex approximation properties with conjugate operators.
Deﬁnition 3.1. Let X be a Banach space and let A be a convex subset of L(X) containing 0. The dual space X∗ has the
(metric) A-approximation property with conjugate operators if it has the (metric) {S∗: S ∈ A}-approximation property.
In general, X∗ may have the metric A-approximation property but fail the metric A-approximation property with conju-
gate operators. For instance, [22, Theorem 3.6] exhibits a Banach space X such that all its duals X∗ , X∗∗ , . . . are separable,
all its odd duals X∗ , X∗∗∗ , . . . have the metric compact approximation property with conjugate operators, and all its even
duals X∗∗ , X∗∗∗∗ , . . . have the metric compact approximation property, but do not have the metric compact approximation
property with conjugate operators.
It is well known and easy to verify that the topology of uniform convergence on compact sets coincides with the
strong operator topology on bounded sets of operators. Therefore, in the deﬁnition of the metric A-approximation property
compact sets can be replaced by ﬁnite sets, and the following holds.
Proposition 3.2. Let X be a Banach space and let A be a convex subset of L(X) containing 0. The space X has the metric A-
approximation property if and only if for every ﬁnite subset G ⊂ BX and for every ε > 0, there is an operator S ∈ A with ‖S‖ 1+ ε
such that ‖Sx− x‖ ε for all x ∈ G.
The following theorem is the main result of this section.
Theorem 3.3. Let X be a Banach space and let A be a convex subset of L(X) containing 0. If X has the metric A-approximation
property in every equivalent norm (or just in every Johnson’s norm), then X∗ has the metric A-approximation property with conjugate
operators.
Proof. Let X = (X,‖ · ‖). We use Proposition 3.2 to show that X∗ has the metric {S∗: S ∈ A}-approximation property.
Fix a ﬁnite set G ⊂ BX∗ and ε > 0. Let | · | be the Johnson norm for F := spanG and ε as in (2.1). Since (X, | · |) has the
metric A-approximation property, there is a net (Sα) ⊂ A, |Sα | 1, such that Sαx → x for every x ∈ X . Hence, S∗αx∗ → x∗
weakly∗ for every x∗ ∈ X∗ . By Proposition 2.1, S∗αx∗ → x∗ in norm for every x∗ ∈ S(F ,|·|) , and therefore also for every x∗ ∈ F .
Choose S ∈ A, |S| 1, so that
max
x∗∈G
∥∥S∗x∗ − x∗∥∥< ε.
By deﬁnition, ‖S‖ (1+ ε)|S| 1+ ε, as needed. 
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extended Johnson’s theorem from F to operator ideals A under some additional restrictions on the pair (X,A). Our Corol-
lary 3.4 below improves his result, showing that no restriction is needed.
Recall that, for an operator ideal A, the components of its dual operator ideal Adual consist of all operators T ∈ L(X, Y )
between arbitrary Banach spaces X and Y such that T ∗ ∈ A(Y ∗, X∗).
Corollary 3.4. Let X be a Banach space and let A be an operator ideal. If X has the metric Adual(X)-approximation property in every
equivalent norm (or just in every Johnson’s norm), then the dual space X∗ has the metric A(X∗)-approximation property.
Proof. By Theorem 3.3, X∗ has the metric Adual(X)-approximation property with conjugate operators. This implies that X∗
has the metric A(X∗)-approximation property. 
Another important application of Theorem 3.3 concerns the convex positive approximation property of Banach lattices, i.e.
when X is a Banach lattice and only positive operators S are allowed in Deﬁnition 1.1.
Corollary 3.5. Let X be a Banach lattice and let A be a convex set of positive operators containing 0. If X has the metric A-
approximation property in every equivalent norm (or just in every Johnson’s norm), then X∗ has the metric A-approximation property
with conjugate operators. In particular, if A is the cone of positive ﬁnite-rank operators, then X∗ has the metric positive approximation
property with conjugate operators.
Apart from the classical case, Corollary 3.5 applies to approximation properties deﬁned by larger classes of positive
operators. Some such classes (e.g., compact, weakly compact, or Dunford–Pettis positive operators) are studied and found to
be important in connection to the domination problem in [1].
Remark 3.1. Although Corollary 3.5 provides some means to study the positive approximation property, for instance, it will
be needed for proving Corollary 5.9 below, it would be natural to require the metric A-approximation property only in
equivalent lattice norms. We do not know whether the statement of Corollary 3.5 holds in that case.
Remark 3.2. In general, the metric positive approximation property cannot be lifted from a Banach lattice X to its dual
lattice X∗ (see Corollary 5.8 for the converse). Indeed, let U be the Pełczyn´ski’s universal space for unconditional bases
(see [28], [17, p. 92], or [3, pp. 279–280]). By deﬁnition, U has a basis (en) whose unconditional constant is equal to
one. Therefore U is a Banach lattice (
∑∞
n=1 anen  0 if and only if an  0 for all n) and the partial sum projections
Pm :∑∞n=1 anen 	→
∑m
n=1 anen provide the metric positive approximation property for U . However, as observed in [3, p. 285]
basing on [11] and [31], U∗ fails the approximation property.
Very recently, Figiel, Johnson, and Pełczyn´ski [7] introduced the following variant of the bounded approximation property.
We give its deﬁnition for the metric case.
Deﬁnition 3.6. (See [7, Deﬁnition 1.1].) Let X be a Banach space and let Y be a closed subspace of X . The pair (X, Y ) has
the metric approximation property if for every ﬁnite-dimensional subspace F of X and every ε > 0, there exists an operator
S ∈ F(X) such that Sx = x for all x ∈ F , ‖S‖ 1+ ε, and S(Y ) ⊂ Y .
Relying on [7, Lemma 1.5], it is easy to show that (X, Y ) has the metric approximation property if and only if X has the
metric A-approximation property for
A := {S ∈ F(X): S(Y ) ⊂ Y }.
Since S(Y ) ⊂ Y implies S∗(Y⊥) ⊂ Y⊥ , Theorem 3.3 immediately yields the following lifting result for the metric approx-
imation property of pairs.
Corollary 3.7. Let X be a Banach space and let Y be a closed subspace of X . If the pair (X, Y ) has the metric approximation property
in every equivalent norm of X (or just in every Johnson’s norm), then the pair (X∗, Y⊥) has the metric approximation property.
Remark 3.3. If (X∗, Y⊥) has the metric approximation property, then both X∗ and Y ∗ have the metric approximation
property. For X∗ , this is obvious. For Y ∗ ∼= X∗/Y⊥ , this is clear from [7, Corollary 1.2].
4. The weak metric convex approximation property
Recently, the weak metric approximation property was introduced in [16]. We extend this notion as follows.
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metric A-approximation property if for every separable reﬂexive Banach space Z and for every operator T ∈ K(X, Z) there
exists a net (Sα) ⊂ A such that supα ‖T Sα‖ ‖T‖ and Sα → I X uniformly on compact subsets of X .
The weak metric approximation property is equivalent to the weak metric A-approximation property for A = F(X) (see
[16, Theorem 2.4]). The case when A = K(X) was studied by Lima and Lima [14]. In [18], we occasionally considered the
case when A was a linear subspace of L(X).
Below we shall rely on the observation that the weak metric A-approximation property can be described through the
convex approximation property. Namely, X has the weak metric A-approximation property if and only if for every separable
reﬂexive Banach space Z and for every operator T ∈ K(X, Z) it has the AT -approximation property with the convex set AT
deﬁned by
AT :=
{
S ∈ A: ‖T S‖ ‖T‖}.
The weak metric A-approximation property clearly implies the A-approximation property (which is just the A0-
approximation property). The converse is not true in general (see [16] or [23] for examples in the case when A = F(X)).
The weak metric convex approximation property admits a version of the lifting theorem (cf. Theorem 3.3), and in this
case also the converse holds.
Theorem 4.2. Let X be a Banach space and let A be a convex subset of L(X) containing 0. The following statements are equivalent.
(a) The space X has the weak metric A-approximation property in every equivalent norm (or just in every Johnson’s norm).
(b) The dual space X∗ has the A-approximation property with conjugate operators.
For the weak metric approximation property, i.e. when A = F(X), the result (without the claim about Johnson’s norms)
was proven in [16, Theorem 4.2]. The proof of the implication (a) ⇒ (b) below will develop the idea of the proof of the
corresponding implication in [16], but our proof is more elementary, since instead of locally uniformly rotund renormings
it uses Johnson’s norms (see Section 2). The proof of (b) ⇒ (a) below is different from the proof of its prototype in [16],
which relied on a trace characterization of the weak metric approximation property [16, Theorem 3.2].
We include a pair of lemmas needed in the proof of Theorem 4.2. The ﬁrst one is a sequential criterion for convex
approximation properties. It is a simple consequence of the description of linear functionals on L(X), which are continuous
in the topology of compact convergence, due to Grothendieck [9] (see, e.g., [17, pp. 31–32]). For the proof, see [18, Lemma 3].
Lemma 4.3. Let X be a Banach space and let A be a convex subset of L(X). Then X has the A-approximation property if and only if,
for all sequences (x∗n) ⊂ X∗ and (xn) ⊂ X such that
∑∞
n=1 ‖x∗n‖‖xn‖ < ∞, one has
inf
S∈A
∣∣∣∣∣
∞∑
n=1
x∗n(Sxn − xn)
∣∣∣∣∣= 0.
The proof of Theorem 4.2 also relies on the famous Davis–Figiel–Johnson–Pełczyn´ski factorization lemma [5] in its iso-
metric version due to Lima, Nygaard, and Oja [15]. We cite it in a simpliﬁed form.
Lemma 4.4. (See [5,15].) Let X be a Banach space and let K be a compact subset of the unit ball B X . Then there exists a linear subspace
Z of X equipped with a certain norm, such that Z is a separable reﬂexive Banach space with respect to this norm and the following
holds.
(i) The identity embedding J : Z → X is compact and of norm ‖ J‖ = 1.
(ii) K ⊂ J (B Z ).
Proof of Theorem 4.2. (a) ⇒ (b). By Lemma 4.3, we have to show that for all sequences (x∗∗n ) ⊂ X∗∗ and (x∗n) ⊂ X∗ such
that
∑∞
n=1 ‖x∗∗n ‖‖x∗n‖ < ∞, one has
inf
S∈A
∣∣∣∣∣
∞∑
n=1
x∗∗n
(
S∗x∗n − x∗n
)
∣∣∣∣∣= 0.
We may clearly assume that
∑∞
n=1 ‖x∗∗n ‖ 1 and 11+τ  ‖x∗n‖ → 0 for some τ > 0.
Fix ε > 0. Choose N ∈ N such that
∑∥∥x∗∗n
∥∥< ε
4(1+ τ ) .
n>N
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∑
n>N
∣∣x∗∗n
∣∣< ε
4
.
Note that
K := {x∗1, x∗2, . . .
}∪ S(F ,|·|) ⊂ B(X,|·|)∗
is a compact set. Using Lemma 4.4 we can ﬁnd a separable reﬂexive Banach space Z and a compact operator J : Z →
(X, | · |)∗ with ‖ J‖ = 1 and K ⊂ J (B Z ). Since the space (X, | · |) has the weak metric A-approximation property, for J∗|X ∈
K((X, | · |), Z∗), there exists a net (Sα) ⊂ A such that sup‖ J∗|X Sα‖  ‖ J∗|X‖ = 1 and Sαx → x for all x ∈ X . Therefore
‖S∗α J‖ = ‖ J∗|X Sα‖ 1 and S∗αx∗ → x∗ weakly∗ for all x∗ ∈ X∗ .
If x∗ ∈ S(F ,|·|) , then x∗ = J z for some z ∈ B Z . Hence,
∣∣S∗αx∗
∣∣= ∣∣S∗α J z
∣∣
∥∥S∗α J
∥∥ 1,
so that Proposition 2.1 implies the convergence S∗αx∗ → x∗ in norm for all x∗ ∈ F . Thus we can ﬁnd S := Sα for some α
such that
max
1nN
∥∥S∗x∗n − x∗n
∥∥< ε
2
.
Noting that x∗n = J zn with some zn ∈ B Z for all n, we get
∣∣∣∣∣
∞∑
n=1
x∗∗n
(
S∗x∗n − x∗n
)
∣∣∣∣∣
N∑
n=1
∥∥x∗∗n
∥∥∥∥S∗x∗n − x∗n
∥∥+
∑
n>N
∣∣x∗∗n
∣∣∣∣S∗ J zn − J zn
∣∣
<
ε
2
+
∑
n>N
∣∣x∗∗n
∣∣(∥∥S∗ J
∥∥+ ‖ J‖)
<
ε
2
+ ε
2
= ε.
(b) ⇒ (a). By [18, Corollary 11], (b) is equivalent to the following statement:
(c) For every Banach space Y and for every operator T ∈ K(X, Y ), there is a sequence (Sn) ⊂ A such that sup‖T Sn‖  ‖T‖ and
T Sn → T in the norm operator topology.
(c) ⇒ (a). Let T ∈ K(X, Y ) for a Banach space Y . We may assume that ‖T‖ = 1. We shall apply Lemma 4.3 to show that
X has the AT -approximation property.
Let (x∗n) ⊂ X∗ and (xn) ⊂ X be as in Lemma 4.3. We may assume that
∑∞
n=1 ‖xn‖ 1 and 1 ‖x∗n‖ → 0. Let
K := {x∗1, x∗2, . . .
}∪ T ∗(BY ∗) ⊂ BX∗ .
Since K is compact, by Lemma 4.4, there is a reﬂexive Banach space Z and a compact operator J : Z → X∗ with K ⊂ J (B Z ).
Let zn ∈ B Z be such that x∗n = J zn for all n. Considering J∗|X ∈ K(X, Z∗) and taking it as the operator in (c), we have
a sequence (Sm) ⊂ A such that sup‖ J∗|X Sm‖ 1 and J∗|X Sm → J∗|X in the norm topology. Now, for all m, one has
‖T Sm‖ =
∥∥S∗mT ∗
∥∥
∥∥S∗m J
∥∥= ∥∥ J∗∣∣X Sm
∥∥ 1
because T ∗(BY ∗ ) ⊂ J (B Z ), so that Sm ∈ AT . For every n, one has
∣∣x∗n(Smxn − xn)
∣∣= ∣∣zn
(
J∗
∣∣
X Smxn − J∗
∣∣
X xn
)∣∣ ‖xn‖
∥∥ J∗
∣∣
X Sm − J∗
∣∣
X
∥∥.
Hence,
inf
S∈AT
∣∣∣∣∣
∞∑
n=1
x∗n(Sxn − xn)
∣∣∣∣∣ infm
∥∥ J∗
∣∣
X Sm − J∗
∣∣
X
∥∥= 0. 
Remark 4.1. The special cases of Theorem 4.2 (without the claim about Johnson’s norms) have been proven in [14, Theo-
rem 4.9] for A = K(X) and in [18, Theorem 13] for a linear subspace A of L(X). The proof in [14] used a characterization of
the weak metric compact approximation property that involves Hahn–Banach extension operators (see [14, Theorem 4.3]).
The proof in [18] was essentially modelled after the proof of (a) ⇒ (c) in [16, Theorem 4.2].
Corollary 4.5. Let X be a Banach space and let A be a convex subset of L(X) containing 0. If X∗ has the (metric) A-approximation
property with conjugate operators, then X has the (metric) A-approximation property.
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Remark 4.2. The metric case of Corollary 4.5 can also be obtained from the fact that the weak and strong operator topologies
on L(X) yield the same dual space.
5. Applications
5.1. The impact of the Radon–Nikodým property
By [23] (see [25] for a simpler proof ), the weak metric and the metric approximation properties are equivalent for
a Banach space X whenever X∗ or X∗∗ has the Radon–Nikodým property. The proof in [23, Theorem 2 and Corollary 1]
actually yields the following extension.
Theorem 5.1. Let X be a Banach space and let A be a convex subset of K(X) containing 0. If X∗ or X∗∗ has the Radon–Nikodým
property, then the weak metric and the metric A-approximation properties are equivalent for X.
We do not know whether Theorem 5.1 and Theorem 5.2 below hold when A is not contained in K(X).
The case A = F(X) of Theorem 5.2 is well known and goes back to Grothendieck’s Memoir [9]. It asserts that the
Problem 1.4 has the aﬃrmative answer whenever X∗ or X∗∗ has the Radon–Nikodým property. There have been many
different proofs of this result (see [26] for more details). As written in [3, p. 289], the proofs have “always been a little
mysterious”. An alternative proof of this classical result was recently given in [23]. According to the proof in [23], the reason,
why the metric approximation property appears in the dual space X∗ with the approximation property, is that the space X
has the metric approximation property in all equivalent norms. Using our main Theorems 3.3 and 4.2, we shall now repeat this
proof nearly verbatim for the convex case.
Theorem 5.2. Let X be a Banach space and let A be a convex subset of K(X) containing 0. If X∗ or X∗∗ has the Radon–Nikodým prop-
erty, then the A-approximation property with conjugate operators of X∗ implies the metric A-approximation property with conjugate
operators.
Proof. Assume that X∗ has the A-approximation property with conjugate operators. By Theorem 4.2, X has the weak metric
A-approximation property in every equivalent norm. Since the Radon–Nikodým property is preserved under changes to
equivalent norms, by Theorem 5.1, X has the metric A-approximation property in every equivalent norm. Now Theorem 3.3
implies the metric A-approximation property with conjugate operators for X∗ . 
Remark 5.1. The case A = K(X) of Theorem 5.2 was established in [8, Corollary 1.6] and extended to the linear subspaces
A of K(X) in [18, Corollary 15].
Theorem 5.2 immediately implies the following result, the particular case of which with X being a Banach lattice having
the positive approximation property is due to Nielsen [21, Corollary 2.8].
Corollary 5.3. Let X be a reﬂexive Banach space and let A be a convex subset of K(X) containing 0. If X has the A-approximation
property, then X has the metric A-approximation property.
5.2. The positive approximation property
It is a well-known fact, essentially due to Johnson [10], that for a dual space, the (metric) approximation property
is equivalent to the (metric) approximation property with conjugate operators. This fact follows, for instance, from the
principle of local reﬂexivity. To prove the similar result for the positive approximation property (see Proposition 5.7 below),
we need the principle of local reﬂexivity for Banach lattices due to Conroy and Moore [4] and Bernau [2].
Lemma 5.4. (See [2, Theorem 2].) Let X be a Banach lattice. Suppose that δ > 0 and V is a weak∗ neighbourhood of 0 in X∗∗ . If
G is a ﬁnite-dimensional sublattice of X∗∗ , then there is a lattice isomorphism J from G into X such that ‖ J‖,‖ J−1‖ < 1 + δ and
x∗∗ − J x∗∗ ∈ ‖x∗∗‖V for all x∗∗ ∈ G.
A key for applying Lemma 5.4 is provided by the following general result on existence of ﬁnite-dimensional sublattices
in order complete Banach lattices.
Lemma 5.5. Let E be a ﬁnite-dimensional subspace of an order complete Banach lattice X and let ε > 0. Then there exist a sublattice Z
of X containing E, a ﬁnite-dimensional sublattice G of Z , and a positive linear projection P ∈ L(Z) onto G such that ‖Px− x‖ ε‖x‖
for all x ∈ E.
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Indeed, if some xi is not positive, replace it with x
+
i and x
−
i . Let u =
∨
xi , and note that we may assume ‖u‖ = 1. Denote
Z = span[−u,u] (where [−u,u] = {x ∈ X: −u  x u}). This means that Z is the ideal Xu generated by u. It is well known
and easy to prove (see, e.g., [19, Proposition 1.2.13, p. 18]) that Xu is an M-space with an order unit u if equipped with the
gauge ‖ · ‖u of [−u,u]. Since [−u,u], the closed unit ball of Xu , is contained in BX , we have ‖x‖ ‖x‖u for all x ∈ Z .
By Kakutani’s characterization of M-spaces with unit, Xu is lattice isometric to C(K ) for some compact Hausdorff
space K , so that u corresponds to the constantly one function on K . Since X is order complete, also Xu and hence C(K )
are. But then (as is well known and easy to verify relying on Urysohn’s lemma) K is Stonian, i.e., the closure of every open
subset of K is open.
Let e1, . . . , en be a basis of E . Let c > 0 be such that
∑n
i=1 |λi |  c‖
∑n
i=1 λiei‖, λi ∈ R. Let f i ∈ C(K ) correspond to ei .
Since each f i is uniformly continuous on K , there exists a ﬁnite clopen covering U1, . . . ,Um of K such that
∣∣ f i(t) − f i(s)
∣∣ ε
c
, s, t ∈ U j; i = 1, . . . ,n; j = 1, . . . ,m.
Since the clopen subsets form a Boolean algebra of subsets, we may assume that the sets U1, . . . ,Um are mutually disjoint.
Let G = span{1U1 , . . . ,1Um } be the m-dimensional sublattice of C(K ) generated by the characteristic functions of these sets.
Fix t j ∈ U j and let δt j ∈ C(K )∗ be the Dirac functional at t j (i.e., δt j ( f ) = f (t j) for f ∈ C(K )).
Observe that {δt j ;1U j }mj=1 is a biorthogonal system, hence the operator
P :=
m∑
j=1
δt j ⊗ 1U j
is a projection onto G , which is clearly positive and of norm 1. Let us keep the same notation G and P also for their lattice
homomorphic images in Z and L(Z) (note that P is continuous because it is positive).
Since for all i = 1, . . . ,n, and t ∈ K , we have
∣∣(P fi)(t) − f i(t)
∣∣
m∑
j=1
1U j (t)
∣∣ f i(t j) − f i(t)
∣∣ ε
c
,
‖P fi − f i‖  ε/c, meaning that ‖Pei − ei‖u  ε/c. Hence, also ‖Pei − ei‖  ε/c for i = 1, . . . ,n. This immediately implies
that ‖Px− x‖ ε‖x‖ for all x ∈ E . 
Remark 5.2. The method behind Lemma 5.5 is well known in the Banach lattice theory. However, the published results
seem to be lacking the positivity of projection P (see, e.g., [20, Proposition 2.9] or [12, p. 23]), which is important for us.
The proof here is provided for completeness.
In effect, the claim of the promised Proposition 5.7 is contained in the next result which tells us that positive ﬁnite-rank
operators between dual Banach lattices are “locally conjugate”. This fact seems to be new for positive operators. Remark,
that for ﬁnite-rank operators in Banach spaces, this fact is essentially due to Johnson, Rosenthal, and Zippin [13, Lemma 3.1
and Corollary 3.2] (where X is assumed to be ﬁnite-dimensional; see [27, Theorem 2.1] for the general result and an easier
proof ).
Theorem 5.6. Let X and Y be Banach lattices, let F be a ﬁnite subset of Y ∗ , and let ε > 0. If S ∈ F(Y ∗, X∗) is positive, then there
exists a positive operator T ∈ F(X, Y ) such that ‖T‖ (1+ ε)‖S‖ and ‖T ∗ y∗ − Sy∗‖ ε for all y∗ ∈ F .
Proof. We clearly may assume that F ⊂ BY ∗ and ‖S‖ = 1.
To apply Lemma 5.5, let E = ran S∗ ⊂ Y ∗∗ (recall that dual Banach lattices are order complete) and let δ > 0 be such
that (1+ δ)2 = 1+ ε. Lemma 5.5 gives us a sublattice Z of Y ∗∗ containing E , a ﬁnite-dimensional sublattice G of Z , and a
positive linear projection P ∈ L(Z) with ran P = G such that ‖P S∗x∗∗ − S∗x∗∗‖ δ‖S∗x∗∗‖ δ‖x∗∗‖ for all x∗∗ ∈ X∗∗ . This
clearly implies that ‖P S∗ − S∗‖ δ and ‖P S∗‖ 1+ δ.
To apply Lemma 5.4, let V be deﬁned by F and δ. Lemma 5.4 gives us a lattice isomorphism J from G into Y such that
‖ J‖ 1+ δ and y∗∗ − J y∗∗ ∈ ‖y∗∗‖V for all y∗∗ ∈ G , meaning that
∣∣y∗∗
(
y∗
)− y∗( J y∗∗)∣∣< δ∥∥y∗∗∥∥ ∀y∗ ∈ F , ∀y∗∗ ∈ ran P .
Let T = J P S∗ j X . Then T ∈ F(X, Y ), T is positive, and ‖T‖ (1+ δ)2 = 1+ ε. Moreover, for every y∗ ∈ F and for every
x ∈ BX , we have
∣∣(T ∗ y∗ − Sy∗)x∣∣ ∣∣y∗( J P S∗x)− (P S∗x)(y∗)∣∣+ ∥∥P S∗ − S∗∥∥< δ∥∥P S∗x∥∥+ δ  δ(1+ δ) + δ = ε,
as desired. 
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will provide a version of Theorem 5.6 for a ﬁnite-dimensional subspace F of Y ∗ .
Proposition 5.7. Let X be a Banach lattice. Then, for the dual lattice X∗ , the (metric) positive approximation property and the (metric)
positive approximation property with conjugate operators are equivalent.
Proof. First assume that X∗ has the positive approximation property. Let K be a compact subset of BX∗ and let ε > 0. Let
S ∈ F(X∗) be such a positive operator that
∥∥Sz∗ − z∗∥∥< ε
4
∀z∗ ∈ K .
Choose for K a ﬁnite min{ε/4, ε/4(1+ε)‖S‖}-net F in K . Let T ∈ F(X) be the positive operator from Theorem 5.6 satisfying
‖T‖ (1+ ε)‖S‖ and ‖T ∗x∗ − Sx∗‖ ε/4 for all x∗ ∈ F . Then for every z∗ ∈ K and some x∗ ∈ F ,
∥∥T ∗z∗ − z∗∥∥ ∥∥T ∗z∗ − T ∗x∗∥∥+ ∥∥T ∗x∗ − Sx∗∥∥+ ∥∥Sx∗ − Sz∗∥∥+ ∥∥Sz∗ − z∗∥∥< ε,
as required.
If the positive approximation property of X∗ is metric, then in the above proof we have ‖S‖ 1, and therefore ‖T‖ 
1+ ε, so that the claim follows from Proposition 3.2. 
By Proposition 5.7 and Corollary 4.5 we have the following result.
Corollary 5.8. Let X be a Banach lattice. If X∗ has the (metric) positive approximation property, then X has the (metric) positive
approximation property.
Proposition 5.7 and Theorem 5.2 immediately imply the next result. Note that for a Banach lattice X , the Radon–Nikodým
property of X∗∗ implies the reﬂexivity of X (see, e.g., [19, Theorem 5.4.13]), hence also the Radon–Nikodým property of X∗ .
Corollary 5.9. Let X be a Banach lattice such that X∗ has the Radon–Nikodým property. Then the positive approximation property and
the metric positive approximation property with conjugate operators are equivalent for X∗ .
Remark 5.4. In [21, Corollary 2.8], Nielsen proved that the positive approximation property and the metric approximation
property are equivalent for an order continuous Banach lattice X whenever X has the Radon–Nikodým property, and there
is a positive contractive projection from X∗∗ onto X . Since a dual Banach lattice with the Radon–Nikodým property is always
order continuous (see, e.g., [19, Theorems 2.4.14 and 5.4.14]), the statement of Corollary 5.9 clearly follows from Nielsen’s
result. Unlike our uniﬁed approach, Nielsen’s method of proof seems to be speciﬁc to the positive approximation property
of Banach lattices: it relies on the fact (see [21, Theorem 2.6]) that the metric positive approximation property of X is
equivalent to the approximation property deﬁned by ﬁnite-rank operators having their absolute values in BL(X) . The proof
of this description is quite technical and involves non-trivial representations of ﬁnite-rank operators on Banach lattices.
5.3. The approximation property of pairs
Let X be a Banach space and let Y be a closed subspace of X . As was observed after Deﬁnition 3.6, the pair (X, Y ) has
the metric approximation property if and only if for every compact subset K of X and for every ε > 0, there exist S ∈ F(X)
with ‖S‖ 1 and S(Y ) ⊂ Y such that ‖Sx− x‖ < ε for all x ∈ K . Therefore it is natural to deﬁne the approximation property
of pairs of Banach spaces as follows.
Deﬁnition 5.10. Let X be a Banach space and let Y be a closed subspace of X . We say that the pair (X, Y ) has the approx-
imation property if for every compact subset K of X and for every ε > 0, there exists S ∈ F(X) with S(Y ) ⊂ Y such that
‖Sx− x‖ < ε for all x ∈ K .
Hence, the (metric) approximation property of the pair (X, Y ) is precisely the (metric) F(X)Y -approximation property
of X with
F(X)Y :=
{
S ∈ F(X): S(Y ) ⊂ Y }.
Proposition 5.11. Let X be a Banach space and let Y be a closed subspace of X . The approximation property of the pair (X∗, Y⊥) is
equivalent to the F(X)Y -approximation property of X∗ with conjugate operators.
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ments x∗i ∈ X∗ such that {x∗i }ki=1 ⊂ X∗ \ Y⊥ and {x∗i }ni=k+1 ⊂ Y⊥ for some k ∈ {0, . . . ,n}. The assumption S(Y⊥) ⊂ Y⊥ then
implies {x∗∗i }ki=1 ⊂ (Y⊥)⊥ . Hence, there are operators S1, S2 ∈ F(X∗) such that S = S1 + S2, ran S∗1 ⊂ (Y⊥)⊥ , and Y ⊂ ker S∗2.
Let I denote the isometric isomorphism between (Y⊥)⊥ and Y ∗∗ such that for all x∗∗ ∈ (Y⊥)⊥ and for all y∗ ∈ Y ∗ one has
(Ix∗∗)(y∗) = x∗∗(x∗) with x∗ ∈ X∗ being any extension of y∗ to X .
It is enough to show that S can be approximated in the strong operator topology by operators T ∗ with T ∈ F(X)Y
and ‖T‖ 2(‖S1‖ + ‖S2‖). Fix a ﬁnite set F ⊂ X∗ and denote F1 := { f |Y : f ∈ F } ⊂ Y ∗ . Let G1 := ran I S∗1 ⊂ Y ∗∗ and G2 :=
ran S∗2 ⊂ X∗∗ . By the principle of local reﬂexivity, there are linear injections J1 : G1 → Y and J2 : G2 → X , both norm-
bounded by 2, such that
g
(
J1 y
∗∗)= y∗∗(g) ∀y∗∗ ∈ G1, ∀g ∈ F1
and
f
(
J2x
∗∗)= x∗∗( f ) ∀x∗∗ ∈ G2, ∀ f ∈ F .
Let T := ( J1 I S∗1 + J2S∗2)|X ∈ F(X). Then for y ∈ Y , one has
T y = J1 I S∗1 y + J2S∗2 y = J1 I S∗1 y + 0 ∈ Y ,
so that T (Y ) ⊂ Y . For x ∈ X and f ∈ F , one has
f
(
J1 I S
∗
1x
)= f |Y
(
J1 I S
∗
1x
)= (I S∗1x
)
( f |Y ) =
(
S∗1x
)
( f ) = (S1 f )(x)
and
f
(
J2S
∗
2x
)= (S2 f )(x),
so that
T ∗ f = (S1 + S2) f = S f ∀ f ∈ F .
Clearly, ‖T‖ 2(‖S1‖ + ‖S2‖), as required. 
Proposition 5.11 and Theorem 5.2 imply the following result.
Corollary 5.12. Let X be a Banach space and let Y be a closed subspace of X . Let X∗ or X∗∗ have the Radon–Nikodým property. If the
pair (X∗, Y⊥) has the approximation property, then (X∗, Y⊥) has the metric approximation property; in particular, both X∗ and Y ∗
have the metric approximation property.
Corollary 5.12 contains the classical case discussed before Theorem 5.2 since the pair (X∗, {0}⊥) = (X∗, X∗) clearly has
the (metric) approximation property if and only if X∗ has.
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